Abstract: This article deals with the nonlinear head-on collision between two hydroelastic solitary waves in platecovered water with Nwogou's Boussinesq model for the nonlinear uid motion. This model contains a parameter α that is associated with horizontal velocities according to the chosen level of horizontal velocity variables. A thin elastic cover is considered as the EulerBernoulli beam model. To derive the series solution, we apply the Poincaré-Lighthill-Kuo (PLK) method to solve analytically the highly nonlinear coupled partial di erential equations. The impact of all the physical parameters is discussed with the help of the asymptotic solutions and graphic representations. In particular, the authors address the behavior of plate de ection, maximum run-up during a collision, phase shift, distortion pro le, and wave speed. It is found that the variation of the free parameter α and plate terms dramatically change the amplitude of a solitary wave. It is noticed that a very small tilting occurs due to the distortion in wave pro le. The maximum run-up amplitude and the wave speed rise due to a greater in uence of the free parameter. The phase shift tends to diminish due to an increment in the free parameter and plate terms. The novelty of the present methodology is compared with previously published results.
Introduction
During the past few years, hydroelasticity grabbed the attention of di erent researchers due to its versatile applications in engineering as well as in various industrial processes. Hydroelasticity is associated with the motion and deformation of elastic bodies responding to a hydrodynamic excitation, and associated response to the movement of a working uid. Hydroelastic waves can be observed in those colder areas, where frozen water is transformed into runways, and roads, and automobiles are helpful to break the ice. Particularly, nowadays industries are getting in deeper o shore and polar regions and are facing di erent challenges in design and modeling. The mathematical methods and theory of hydroelasticity relevant to convoluted problems are not adequately developed.
The hydroelastic problems are coupled in such a way that the deformation of elastic bodies relies upon hydrodynamic forces and vice versa. In such kind of problems, coupled uid motions are very much complicated to studied numerically and theoretically. Therefore, various authors investigated the mechanism of hydroelasticity in different geometrical aspects using multiple mathematical methods. For instance, Ertekin et al. [1] investigated the waves due to a moving disturbance in a nite channel using the shallow water approximation. They used the Green-Naghdi theory to analyze the behavior of moving pressure on the surface of an elastic plate. Xia and Shen [2] discussed the nonlinear interaction between water and a oating ice sheet with compressive force e ect. An analytical method has been used to obtain the solution of a periodic equation. They found that the wave speed, shape and wavelength of the nonlinear waves depend on the wave amplitude. Bennetts et al. [3] addressed the scattering of linear wave under an ice sheet having variable thickness buoyant on a variable quiescent depth. They used the Rayleigh-Ritz technique with a combination of variational principle and multi-mode approximation to determine the velocity potential. Deike et al. [4] presented an experimental analysis of linear and nonlinear hydroelastic waves, propagating under an ice sheet in the presence of surface tension. They used an optical technique to determine the full time and space eld. Wang and Lu [5] discussed the propagation of nonlinear hydroelastic waves in two dimensions. Wang et al. [6] scrutinized the impact of longitudinal compressive force response of a thin beam of a rectangular cross-section on the surface of the water. Cheng et al. [7] presented a two-dimensional model to analyze the interaction between an elastic plate and monochromatic waves in a nite channel having variable depth. They used the Euler-Bernoulli-von Karman nonlinear beam model to examine the imposed uid pressure on the uid-structure interface. Recently, Trichtchenko et al. [8] discussed the stability of periodic traveling waves in the presence of thin elastic plate in a two-dimensional channel using an asymptotic method. Părău and Dias [9] studied the nonlinear hydroelastic steady response of innite broken ice sheet in the presence of a moving load.
It is renowned that the Korteweg-de Vries (KdV) equation is helpful to describe long-time asymptotic weakly nonlinear shallow water waves. Initially, Gardner et al. [10] introduced an inverse scattering transform (IST) method to obtain the exact solution for the KdV equation. Further, they presented the essential characteristics of collision process between solitary waves. When the collision occurs between solitary waves, they exchange their positions, energies and regain their original forms after separation. During this whole process, solitary waves have extraordinarily stable entities and maintain their original shapes throughout the interaction process. However, the sole impact of a collision is their phase shifts. It is now realized that the striking and colliding features of solitary waves can maintain in a conservative system. The IST method depicts that all the KdV solitary waves propagate along the same direction with their corresponding boundary conditions showing disappearing elevations at in nity [10] [11] [12] . For overtaking collision between solitary waves, one can e ciently use the IST method to obtain the behavior of solitary waves during colliding. To determine the headon collision between solitary waves, however, it is compulsory to utilize the asymptotic expansion to solve the original eld equations. For this purpose, the Poincaré-Lighthill-Kuo (PLK) method is an excellent and e cient technique to determine the head-on collision process between solitary waves. Su and Mirie [13] discussed the headon collision process between solitary gravity waves using the PLK technique, and presented the solution up to fourth order approximation. Dai [14] examined the interaction between solitary waves in a two-layer uid regarding a generalized form of Boussinesq's equations, and obtained the second order series solution by using the PLK method and a reductive perturbation method. Mirie and Su [15, 16] reported the head-on collision among generalized and modi ed solitary waves using the PLK method. They considered a two-layer uid model in a nite channel which is bounded above and below by a rigid sheet. After few years, Zhu and Dai [17] investigated the generalized KdV solitary waves and their head-on collision process in the presence of surface tension e ects. Later, Zhu [18] considered the similar problem and used the same methodology to obtain the modi ed KdV solitary waves to examine the head-on collision process with surface tension e ects. Recently, Ozden and Demiray [19] elaborated the work of Su and Mirie [13] under the assumption of di erent trajectory functions. The order of trajectory function assumed by Su and Mirie [13] is ε, where ε is the perturbation parameter related to the wave amplitude. Ozden and Demiray [19] assumed, with the same de nition for ε, the order of trajectory functions is ε .
Nonlinear waves in shallow water have been studied based on the Boussinesq model. For the broader range of water depth, Nwogu's Boussinesq model [20] is bene cial. This model, proposed by Nwogu [20] in 1993, is not only limited for shallow water waves, but it is also applicable for deep water waves, which have been examined numerically by Wei et al. [21] and Wei and Kirby [22] . Later, Zhang et al. [23] described the mathematical properties of a Boussinesq model having constant depth for weakly nonlinear and weakly dispersive water waves. They found that the + dimensional Boussinesq model does not hold the Painleve integrability. Chen et al. [24] discussed the headon collision among solitary waves using Nwogu's Boussinesq model. They discussed the head-on collision process at a constant depth by using the PLK method.
Recently, Bhatti and Lu [25] discussed the head-on collision process among two nonlinear hydroelastic solitary waves in the framework of potential ow theory. They also used the PLK method in order to obtain the series solution and derived a third-order KdV for the hydroelastic wave pro le. Unfortunately, it does not seem applicable for deep water waves, because the Taylor series used to derive the governing equations fails to converge at in nity. However, the present study is also appropriate for deep water waves as well as for shallow water waves.
According to the authors' best knowledge, no such attempt has been made on the head-on collision between hydroelastic solitary waves by using Nwogu's Boussinesq model through a shallow water depth. It has been proved by Il'ichev [26] that solitary waves of su ciently small amplitude exist on the water-ice interface. Therefore, the main theme of the present investigation is to analyze the head-on collision process between hydroelastic solitary waves having a long wavelength and a small amplitude in terms of Nwogu's Boussinesq model. This model consists of a free parameter α that is associated with horizontal velocities, according to the selected level of horizontal velocity variables. This parameter provides more freedom to determine di erent problems for multiple values of α. We have considered a thin elastic plate on the surface of the water. To solve the problem analytically, we employ the PLK method and present the solution up to the third order approximation. The present model is applicable for di erent values of the mean depths. The physical features of all the parameters are discussed graphically and mathematically for plate de ection, phase shift, maximum run-up at the time of collision, wave speed, and distortion pro le.
Governing equations
Consider two hydroelastic solitary waves traveling beneath an in nite elastic plate in shallow water. A Cartesian coordinate system (x, zα) is taken with the x-axis taken along the horizontal direction and the zα-axis measured upwards from the still-water level. A thin elastic plate is taken on the surface of water. The de ection of the plate (namely the hydroelastic wave pro le) is presented by zα = ζ (x, t). zα = −h(x) is the bottom of the channel, and zα = is the undisturbed plate-water interface. The uid is considered to be incompressible and inviscid, the ow is irrotational, and there is no cavitation between an elastic plate and water. The governing equations in terms of Nwogu's Boussinesq model can be written as [20] 
In the above equations, U is the velocity vector at an arbitrary depth zα, g the gravitational acceleration, ρ the density of the uid, and Pe the pressure on the plate-water interface. The detailed derivation for the terms with zα in Eqs. (1) and (2) was elaborated by Nwogu [20] . For a thin homogeneous elastic plate with a uniform mass density ρe and a constant thickness d, the relationship between a plate de ection ζ and the pressure Pe consists on the Euler-Bernoulli beam theory which can be written as
where
and E Young's modulus of the plate. Q is associated to the lateral stress of the plate (with compression at Q > ). We consider one-dimensional ow in a channel of constant depth, namely U = {U(x, t), , } and the water depth h is constant. Nwogu's Boussinesq model for hydroelastic waves in the ow eld U = {U(x, t), , } can be written as
and α is a free parameter representing the depth level. According to Nwogu's Boussinesq model [20] , it is observed that if the velocity at depth zα = − .
h is used, then the corresponding dispersion relation can be enhanced to that obtained by the classical potential ow theory. The free parameter α is helpful to analyze various kinds of problems. For instance by taking α = , Eqs. (4) and (5) reduce to the classical Boussinesq equation. Further, for α = − / or − / , one can get two di erent models and the associated eld U shows the depth-mean and bottom velocities, respectively. Depth-mean system is almost equivalent to the system at a water depth with α = − / . It is worth mentioning here that the present results can reduce to the results obtained by Chen et al. [24] for pure-gravity waves by taking D → , Q → and M → in Eqs. (4) and (5).
Solution methodology
We will apply the PLK method in the subsequent section. Let us introduce the following coordinate transformations in wave frame as follows
where η and ξ represent the left-and right-going phase variables, respectively; δ is a positive constant;k and k are the wave numbers of order unity for the left-and rightgoing wave, respectively; ε with < ε is a dimensionless parameter, which represents the wave amplitude and order of magnitude; C andC are the wave speeds of rightand left-going solitary waves. Introducing the transformation of phase functions with wave frame coordinates, we write
In the above equation, θ(ξ , η) and φ(ξ , η) are the phase functions to be deduced in the perturbation analysis of Eqs. (4) and (5). The purpose of these functions is to make the asymptotic approximations, which acquiesce us to analyze the phase changes due to a collision. In our present study we consider δ = / in Eq. (7) for the scaling of the horizontal wavelength by using Ursell's relationship. The purpose of δ = / is to derive the KdV equation for shallow water solitary waves. However, δ = , / , / , are also applicable, but these values have some limitations in our present case. For instance, these values fail to give the KdV equation. On the other hand, these values are bene cial to derive di erent forms of KdV equations for internal solitary waves in a two-layer uid model using the PLK method. Mirie and Su [16] and Zhu [18] used δ = to derive the modi ed KdV equation for a two-layer uid model. Zhu and Dai [17] used δ = / to derive the generalized form of KdV equation for a two-layer uid model. Furthermore, Dai et al. [27] used δ = to discuss the head-on collision between solitary waves propagating in a compressible Mooney-Rivlin elastic rod. An interesting fact is that they derived a KdV equation for the solitary waves in a single-layer uid model. Therefore, the value of δ is important and mainly depends upon mathematical and physical assumptions of the governing problem.
Let c(k) be the phase speed
By taking D = , Q = and M = , the phase speed in Eq. (9) reduces to that for pure-gravity waves obtained by Nwogu [20] . For the sake of simplicity, we introduce a column vector T de ned as
In view of the PLK technique, one can describe the following series expansions
wherec = c(k), and in the right-hand side of Eqs. (12) to (16), the variables with subscripts will be determined throughout the singular perturbation analysis; a and b are the amplitudes.
Perturbation analysis
Using the asymptotic expansion in Eqs. (12) to (16), we obtain a set of coupled di erential equations in the coecients form of ε , ε , ε , . . . which are expressed in a sequence as follows.
. Coe cients of ε

/
The rst order equations is obtained in the following form as
Here we use a matrix system to obtain the solution at the rst order approximation as well as in the next order approximations. Zhu and Dai [17] successfully applied a similar form of methodology on a two-layer uid problem. The transformation introduced by Su and Mirie [13] to obtain the solution at each order of approximation for U and ζ is not applicable here. The right characteristic vectors of N andÑ are, respectively,
and the left ones read
We introduce right and left characteristic vectors in Eqs. (19) and (20) to analyze the solutions at each order. However, right characteristic vectors are used to assume the solution at each order of approximation whereas left characteristic vectors to solve the recursive equations at higher order approximations. In the leading order approximations, we can see that the resulting equations are highly coupled. It is impossible to obtain the solutions directly. Therefore the left characteristic vectors are helpful to reduce the coupled equations into a single equation, which becomes simple and easy to get the solutions at each order. Dai et al. [27] applied a similar form of methodology for waves in a compressible Mooney-Rivlin elastic rod, and Dai [14] used identical formulation for a two-layer uid model. The solution of Eq. (17) can take form of
where A(ξ ) and B(η) are two arbitrary functions to be determined in the subsequent order. The rst order solutions take the same forms as previously published results on pure gravity waves obtained by Su and Mirie [13] for shallow water model and by Chen et al. [24] for Nwogu's Boussinesq model.
. Coe cients of ε
/
The second order equations can be obtained in the following form as
where En andẼn (n = . . . ) are listed in Appendix A. Suppose the general solution of Eq. (22) can be written as
where X (ξ , η) and Y (ξ , η) are two functions to be examined. Using Eq. (23) in Eq. (22), and multiplying it by L, one gets
where LÑR, LEn and LẼn (n = , , , ) represent the inner products L ·Ñ · R, L · En and L ·Ẽn, respectively.
The above equation is further divided into three segments, namely (i) secular terms, (ii) local terms and (iii) non-local terms.
. . Secular terms
Secular terms are those which do not depend upon η. These terms become unbounded in space or time after the integration process with respect to η and one has a secular behavior. These terms are obtained in the following form
Let
then Eq. (25) reduces to the following form
A third order KdV equation is derived for the present study.
The sti ness of the thin elastic plate appears in the third order (ε / ), which will appear in the next order of approximation. Recently, a third order KdV was also obtained by Bhatti and Lu [25, 28] for the hydroelastic wave pro le in shallow water. The solution of a third order KdV equation as given in Eq. (27) is obtained as
Similarly
.
. Non-local terms
These terms do not reveal a secular behavior. However, these terms are helpful to examine the phase shift pro le. Therefore, these terms become unchanged. The non-local terms appearing in Eq. (24) are found as
It follows that
Similarly, one has
The rst-order phase shift is similar to that for pure-gravity waves [13, 24] as χ tends to 1, which corresponds to the case of shallow water. Recently, Ozden and Demiray [19] revisited the work of Su and Mirie [13] and considered a di erent form of phase shift expansion to determine the phase shift during collision process. Therefore, the results obtained by Ozden and Demiray [19] are di erent from the work of Su and Mirie [13] . Furthermore, the series expansion for phase shift used by Ozden and Demiray [19] is also completely di erent from the other previously published results [14, 17, 24, 27] . It should be noted that Eqs. (34) to (36) do not cause secularity at higher order approximation, but these terms help to determine the phase shift at rst order. In present analysis, the form of series expansion (see Eqs. (12) and (13)) as de ned by Su and Mirie [13] and Dai et al. [27] is used to analyze the phase shift pro le.
. . Local terms
The local terms in Eq. (24) appear in the following form as
After integrating with respect to η, the solution of the above equation is written in the following form
In the above equations, A (ξ ) and B (η) are two unknown functions, which will be examined in the subsequent order.
. Coe cients of ε
/
In the third order equations, one obtains the following set of equations
Nk
∂T ∂ξ
where N andÑ are de ned in Eq. (18) while Fn andFn (n = . . . ) are listed in Appendix A. Let's assume the solution of the following form
where X (ξ , η) and Y (ξ , η) are two functions to be determined. Using Eq. (42) in Eq. (41), and multiplying it by L, we get the equation for X . The procedure is similar to that from Eq. (22) to Eq. (24) . The resultant equation is further divided into three groups, namely (i) secular terms, (ii) local terms and (iii) non-local terms.
. . Secular terms
The secular terms appearing in this order are found as
The above equation can be written in a simpli ed form as
where C , C and C are de ned in Appendix B.
Upon integrating the above equation we get
In the above equation, the rst term on the right side reveals a secular behavior which is unbounded as ξ → ±∞, and as a result, the series solution will not be asymptotic. Therefore, the term in the coe cient must vanish. Let
Then the solution of Eq. (45) can be written as
where C and C are de ned in Appendix B. In Eq. (47), the homogeneous solution in the form of A ′ is not written. Because, as going to higher order approximation it is found that the homogeneous solution only causes a uniform shift in the wave pro le at the origin of ξ , which expresses a simple phase shift as mentioned above. Therefore, this term is dropped here. Similarly, one has
This completes the solutions for Eqs. (38) and (40).
. . Non-local terms
The non-local terms appear in this order are found as
The above equation reduces to
In Eqs. (51) and (54), one can observe that all the terms reveal a simple phase shift as compared with the rst-order phase shift. However, only one term inθ , andφ , depends on ξ and η as η → +∞ and ξ → −∞ (see Eqs. (52) and (55)). Therefore, θ and φ enter into the argument of ξ and η of the functions A and B. The functions A and B distort the wave pro le, and as a result, the wave pro le is di erent before and after collision process. It is found that the wave pro le tilts backward in the direction of wave propagation (see Fig. 12 ). However, Bhatti and Lu [25] observed the similar behavior for hydroelastic wave pro le as well as Su and Mirie [13] also found that the wave pro le tilts backward for pure-gravity wave pro le. The behavior of solitary waves before collision process also remains the same as compared with Su and Mirie [13] and Bhatti and Lu [25] .
. . Local terms
The local terms appearing in the above equations are summarized as
After integration, one can obtain the solution in the following form
where C , C and C are de ned in Appendix B. Similarly
In the above equations A (ξ ) and B (η) are the undetermined functions. For further analysis, calculations are stopped and the solutions of A (ξ ) and B (η) are omitted here.
Analytical results
The resulting solutions in the foregoing sections are combined and presented below. The surface elevation at the uid-plate interface can be described by means of Eqs. (21) and (23), and one gets
where X (ξ , η) and Y (ξ , η) are de ned in Eqs. (38) and (40), respectively. The distortion pro le can be calculated with the help of Eq. (60). Therefore, those terms, which are the products of B(η) and A(ξ ) in Eq. (60) must disappear. Thus, the distortion pro le at the uid-plate interface can be obtained. It can be written by setting B(η) = . One obtains
The maximum run-up ζmax while collision at the platewater interface can be obtained by taking A = B = in Eq. (60). Thus,
The velocity U at the bottom of the channel can be achieved from Eqs. (21) and (23), and one has
The asymptotic results for the wave speeds can be obtained by means of Eqs. (26) and (46), then one has
The phase shifts at the time of collision process read
where θ , θ , φ , and φ are given in Eqs. (34), (36), (51), and (54), respectively.
Graphical results and discussion
This section is associated with the graphical results of all the pertinent parameters involved in the governing ow problem. One can notice that the wave speed and the magnitude of solitary waves are similar before and after a collision. Further, similar behavior was observed by Bhatti and Lu [25] . Figures 2 to 5 show the two-dimensional view of head-on collision for multiple values of Γ, σ, h, and α. In Figure  2 one can notice that when the elastic plate parameter Γ increases, the amplitude of both solitary waves decreases signi cantly. The plate term Γ, as shown in Eq. (10), is directly proportional to Young's modulus E and the constant thickness of plate d. Young's modulus is described as the relationship between stress and strain in a material. Physically, when Young's modulus increases, the plate becomes sti er, and opposing forces occur, which tends to suppress the wave pro le. It is worth mentioning here that when Γ → , σ → and Λ → , the present results reduce to those for pure gravity waves obtained by Chen et al. [24] . Figure 3 is plotted against di erent values of the free parameter α. For α = the results are similar to the classical Boussinesq equation. However, when α increases, a tilting occurs in the wave pro le and the wave amplitude slightly increases. Figure 4 shows the variation of water depth h on the wave pro le. This model is applicable for deep water waves as stated in the preceding sections. However, the results obtained by Bhatti and Lu [25] for a headon collision between hydroelastic solitary waves by using classical Boussinesq equation are not applicable for deep water waves. Bhatti and Lu [25] derived the mathematical formulation using the Taylor series expansion at the bottom boundary conditions of nite depth. However, the Taylor series fails to converge at in nity condition. It can be viewed from Figure 4 that an increment in h creates a signi cant enhancement in the wave pro le. Figure 5 shows the comparison of the wave pro le with previously published results presented by Bhatti and Lu [25] for shallow water waves. In Figure 5 , one can see that the wave proles for Nwogu's uid model are much narrower, while the wave pro les are much atter in shallow water model as shown by Bhatti and Lu [25] .
Figures 6 and 7 are plotted to see the maximum runup amplitude during the head-on collision. Figure 6 shows the maximum run-up versus the wave amplitude during collision process. It depicts from Figure 6 that when the free parameter α increases, the maximum run-up amplitude increases. Figure 7 shows the variation of maximum run-up amplitude versus α. In this gure, we can see that the behavior of maximum run-up amplitude is uniform for both pure-gravity and hydroelastic wave pro les. However, the maximum run-up amplitude reduces in the presence of thin elastic plate. Figures 8 and 9 represent the phase shift pro le against di erent values of the plate parameter Γ and the free parameter α. From Figure 8 one can observe that when α increases, the phase shift pro le changes its behavior. It decreases due to an increment in α. Figure 9 represents the variation of phase shift pro le versus α. In this gure, one can see that the behavior is uniform throughout the domain, whereas the magnitude is small in the presence of hydroelastic wave pro le. Figures 10 and 11 represent the wave speed against di erent values of Γ and α, respectively. It depicts from Figure 10 that wave speed increases due to signi cant e ects of α. Figure 11 is plotted for the wave speed versus α. In this gure, one can see that along the whole domain of α, the phase shift is uniform but increases due to a great in uence of elastic plate. Figure 12 shows the distortion pro le before and after collision process. Before collision process the wave prole is symmetric. However, when the distortion occurs in the wave pro le, it tilts backward in the direction of wave propagation, and the wave pro le becomes unsymmetric.
Conclusions
The head-on collision between hydroelastic solitary waves beneath a thin elastic plate oating on the surface of water has been studied. The problem is formulated with the help of Nwogu's Boussinesq model. This model consists of a free parameter α that is associated with horizontal velocities according to the chosen level of horizontal velocity variables. The modeled equations are nonlinear, and the exact solution for such kind of nonlinear di erential equations are di cult to obtain. Therefore, the Poincaré-Lighthill-Kuo method to get the analytical series solution for the governing di erential equations have been applied. The head-on collision process between two solitary waves under a thin elastic plate is mainly determined. The physical features of all the governing parameters is presented and discussed with the help of graphs. The novelty of the present methodology is compared with previously published results.
It is found that when the free parameter α increases, it creates a minor tilting on both waves and causes a slight increment in both waves. However, the collision process does not cause any signi cant impact on the wave proles, which regain their original shapes after separation. It is also observed that the presence of elastic plate causes a marked reduction in the amplitude of the solitary waves. Moreover, it is noticed that the maximum run-up amplitude decreases due to a higher impact of plate e ects whereas an opposite behavior has been observed for the free parameter α. Further, it has been found that the phase shift tends to decrease due to the increment in the free parameter α. Distortion pro le shows that the solitary waves tilt backward after the collision process in the direction of wave propagation, however, before collision process the wave remains symmetric. It is worth mentioning here that the present results also reduce to those for the pure-gravity waves obtained by Chen et al. [24] by taking Λ → , Γ → and σ → in the dynamical boundary conditions. Moreover, the results for the classical Boussinesq model can also be recovered by taking α = . 
where Cn (n = , . . . ) are de ned in Appendix B. 
Appendix B
C = γΥ − bC − aC (− + Υ ) + β( a − b) + aγ(− Υ + ) ,(B1)C = γΥ − (γ + C ) + C Υ + γ Υ + − β ,(B2)C = γΥ C + γ − Υ − + β ,(B3)C = γΥχ −bC + α( a + b) − a(− Υ + ) + b Υ σ + − Υ ( a + b) + a + b χΛ + aC Υ ( − Υ) + γa + bC γΥ ,(B4)C = γΥχ (χ + ) (γ + C ) − γ + C − γΥ Υ − Υ (σ + χΛ) − σ + α − χΛ ,(B5)C = − γΥχ γχ Υ − C + γ(C Υ + ) + α − σ Υ + ( Υ + ) χΛ ,(B6)C = γΥ a(C + β)Υ + b(C + γ − ( C + β + γ)Υ) ,(B7)C = γΥ − C − γ + ( C + β − γ)Υ ,(B8)C = γΥ C − γ + (γ − ) + C γ − χΥΓ γ + Υα ,(B13)C = γ Γ β(γ + C ) + ΥΓχ − (γ + C ){γ + ( α + γ − )} ,(B14)C = ( C + C ),(B15)C = − C ,(B16)C = LÑR LF + LF C + LF C − LF hC ( C − hC ) ,(B18)C = LÑR LF + LF C − LF C hC .(B19)
